We characterize the orthogonal frames and orthogonal multiwavelet frames in L 2 R d with matrix dilations of the form Df x |detA|f Ax , where A is an arbitrary expanding d × d matrix with integer coefficients. Firstly, through two arbitrarily multiwavelet frames, we give a simple construction of a pair of orthogonal multiwavelet frames. Then, by using the unitary extension principle, we present an algorithm for the construction of arbitrarily many orthogonal multiwavelet tight frames. Finally, we give a general construction algorithm for orthogonal multiwavelet tight frames from a scaling function.
Introduction
Wavelets are mathematical functions that take account into the resolutions and the frequencies simultaneously 1-4 . Moreover, wavelets could cut up data into different frequency components such that people can study each component with a resolution matched to its scale.
The classical MRA scaler wavelets are probably the most important class of orthonormal wavelets. However, the scalar wavelets cannot have the orthogonality, compact support, and symmetry at the same time except the Haar wavelet . It is a disadvantage for signal processing. Multiwavelets have attracted much attention in the research community, since multiwavelets have more desired properties than any scalar wavelet function, such as orthogonality, short compact support, symmetry, and high approximation order 5-7 . It is natural, therefore, to develop the multiwavelets theory that can produce systems having these properties.
Although many compression applications of wavelets use wavelet or multiwavelet bases, the redundant representation offered by wavelet frames has already been put to good
Preliminaries
Let us now establish some basic notations.
We denote by T d the d-dimensional torus. By L 2 T d , we denote the space of all Z dperiodic functions f i.e., f is 1-periodic in each variable such that T d |f x | 2 dx < ∞. The subsets of R d invariant under Z d translations and the subsets of T d are often identified.
We use the Fourier transform in the form 
If {φ j : j ∈ J} satisfies the second inequality, then {φ j : j ∈ J} is called a Bessel sequence. Let a 0 the supremum of all such numbers a and b 0 the infimum of all such numbers b, then a 0 and b 0 are called the frame bounds of the frame {φ j : j ∈ J}. When a 0 b 0 , we say that the frame is tight. When a 0 b 0 1, we say the frame is a Parseval frame.
In this paper, we will work with two families of unitary operators on L 2 R d . The first one consists of all translation operators T k :
The second one consists of all integer powers of the dilation operator
Then, we define the multiwavelet frame, the multiwavelet tight frame, the multiwavelet tight frame, and the filter.
We turn to the concept of multiresolution analysis MRA in L 2 R d which is a useful tool in our study. Definition 2.4. Let {V m } m∈Z be a sequence of closed subspaces of L 2 R d satisfying:
Then, {V j } j∈Z is called an MRA and the function φ in 5 a scaling function.
There is a standard procedure for constructing multiwavelets from a given MRA V j . Firstly, one defines W j V j 1 V j for all j ∈ Z. As an easy consequence of conditions 1 -4 from Definition 2.4, one obtains L 2 R d ⊕ j∈Z W j and W j 1 DW j , for all j ∈ Z. Suppose now that there exist functions Ψ ⊂ W 0 such that the system E Ψ : {ψ · − k : k ∈ Z d , ψ ∈ Ψ} is a frame for W 0 . Then, {D j T k ψ : k ∈ Z d , ψ ∈ Ψ} is a frame for W j , for all j ∈ Z, and, consequently,
In the following, we will borrow some notations from 17, 18 which will be used in this paper.
Let X be a countable Bessel system for a separable Hilbert space H over the complex field C. The synthesis operator T X : l 2 X → H, which is well known to be bounded, is 4 Journal of Applied Mathematics defined by T X a : h∈X a h h for a {a h } h∈X . The adjoint operator T * X of T X , called the analysis operator, is T *
Recall that X is a frame for H if and only S X : T X T * X : H → H, the frame operator or dual Gramian, is bounded and has a bounded inverse 20, 21 , and it is a tight frame with frame bound 1 if and only if S X is the identity operator. The system X is a Riesz system for spanX if and only its Gramian G X : T * X T X is bounded and has a bounded inverse; it is an orthonormal system of H if and only if G X is the identity operator.
Rh is a bijection between X and Y , be two frames for H. We call X and Y a pair of orthogonal frames for H if T Y T * X 0, that is,
We consider orthogonal frames in a shift-invariant subspace of
the smallest closed subspace that contains E Φ . Throughout the rest of this paper, we assume that E Φ is a Bessel sequence for S Φ . This assumption settles most of the convergence issues. The space S Φ is called the shift-invariant space generated by Φ and Φ a generating set for S Φ . Shift-invariant spaces have been studied extensively in the literature, for example, 22, 23 .
For ω ∈ R d , we define the pre-Gramian by
where φ is the Fourier transform of φ. Note that the domain of the pre-Gramian matrix as an operator is l 2 Φ and its codomain is l 2 Z d . The pre-Gramian can be regarded as the synthesis operator represented in Fourier domain as it was extensively studied in 22 . 
Orthogonal Multiwavelet Frames
In this section, we present a simple construction of a pair of orthogonal multiwavelet frames from two arbitrarily multiwavelet frames and get some interesting properties about the orthogonal multiwavelet frames. We also show different algorithms for the construction of arbitrarily many orthogonal multiwavelet tight frames. Firstly, we give a lemma, which has been obtained by Weber in 16 . Proof. Assume that V is a constant matrix such that Ψ 11 : V 1 Ψ 1 and Ψ 22 : V 2 Ψ 2 . Then, one can directly calculate the dual Gramians of X q Ψ 11 and X q Ψ 22 . It follows from the fact that the double sums in 3.1 are the entries of the dual Gramian of the affine systems 24 .
Let V v lm 1≤l,m≤2r . For a fixed q ∈ Z d \ BZ d , i ∈ 1, 2, we have where we used the fact that the double sums converge absolutely a.e., V * V I 2r , and that X Ψ 1 and X Ψ 2 are frames for L 2 R d . Moreover, 
3.3
From the above results, by using the dual Gramian characterization of frames in 25, Corollary 5.7 , then X Ψ 11 and X Ψ 22 are frames for L 2 R d . We now show that the multiwavelet systems generated by Ψ 11 and Ψ 22 are a pair of orthogonal frames for L 2 R d . We apply Lemma 3.1 to Ψ 11 : {ψ 11 1 , ψ 11 The following results give some properties of the orthogonal frames. Let ψ j : αψ j . Since α is a Z d -periodic function, then E ψ j is an affine Bessel sequence for
Proposition 3.3. Suppose that E ψ i and E ψ j are a pair of orthogonal affine Bessel sequences in
L 2 R d . If α ∈ L 2 R d is a Z d -L 2 R d from the fact that, for all f ∈ L 2 R d , k∈Z d f x , α x − k ψ j x − k 2 k∈Z d α x f x , ψ j x − k 2 ≤ B αf 2 ≤ B α 2 f 2 B f 2 .
3.7
Again by α being a Z d -periodic function, we have the following equation: 
3.8
Hence, E ψ i and E αψ j are a pair of orthogonal affine Bessel sequences in L 2 R d . Then, we recall a result from 26 that characterizes unitary extension principle UEP associated with more general matrix dilations in L 2 R d .
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3.9
Suppose also that Ψ ψ j j∈ J , where J {1, . . . , N} is finite, is given by
where H h i,j i∈ J, i∈J is a Z d -periodic, measurable matrix function satisfying
and for any d ∈ Υ, where Υ consists of representatives of distinct cosets of
We call m a filter if m ∈ L ∞ 0, 1 d . We shall call m a low-pass filter if m 0 1, and we shall call m a high-pass filter if m 0 0. Though not necessary, we will assume that every filter is continuous on a neighborhood of 0, so there will be no ambiguity in these definitions. where β ∈ Υ. In the remainder of the paper, the filter banks will be composed of a single low-pass filter with index 0 and a number of high-pass filters.
With the above definitions, we present an algorithm for the construction of arbitrarily many orthogonal multiwavelet tight frames. 
where ω B −1 ξ.
The following results show the relationship between a pair of orthogonal MRA multiwavelet frames. The following theorem describes a general construction algorithm for orthogonal multiwavelet tight frames. Proof. Firstly, we prove that X Ψ j , 1 ≤ j ≤ r, are multiwavelet tight frames. Assume M j {m 0 ξ , n j 1,1 ξ , . . . , n j 1,r ξ , . . . , n j l,1 ξ , . . . , n j l,r ξ }. Define M j ξ according to 3.12 : 
